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Let cd(G) be the set of all irreducible complex characters of a ﬁnite
group G . In [4], Lewis proved that if p, q, r, and s are distinct
primes and cd(G) = {1, p,q, r, pq, pr} or cd(G) = {1, p,q, r, s, pr,
ps,qr,qs}, then G is the direct product of two normal non-abelian
subgroups of G . We generalize Lewis’ results by loosening the
primeness hypothesis of cd(G).
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1. Introduction
Throughout this paper, G will represent a ﬁnite solvable group. The set of irreducible complex
character degrees of G will be denoted by cd(G), and this set is deﬁned by
cd(G) = {χ(1) ∣∣ χ ∈ Irr(G)},
where Irr(G) is the set of all irreducible complex characters of G .
We consider the following problem: what can be said about the structure of G when cd(G) is
known? The basic tools for studying this question can be found in Chapter (12) of [2], and an expos-
itory article by Huppert outlines some of the results in this area (see [1]). For example, in Theorem A
of [4], Lewis proved that if cd(G) = {1, p,q, r, pq, pr}, where p, q, and r are distinct primes, then
G = A × B where cd(A) = {1, p} and cd(B) = {1,q, r}, and he proposed the question of whether it is
possible to relax the primeness hypothesis in Theorem A.
In Theorem A of this paper, we consider how we can loosen the primeness hypothesis of cd(G) and
yet still obtain a similar conclusion. To do this, we make a deﬁnition. Suppose p is a prime number
and m is a positive integer greater than 1. We say that the ordered pair (p,m) is a strongly coprime
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divisor of m. For example, for any two distinct primes p and q, the pair (p,q) is a strongly coprime
pair.
Theorem A. Let m and n be coprime integers greater than 1 and let p be a prime such that the pairs (p,m)
and (p,n) are strongly coprime pairs. If G is a solvable group such that cd(G) = {1, p,n,m, pn, pm}, then
cd(Op(G)) = {1,n,m} and one of the following holds:
(1) G = A × B, where cd(A) = {1, p} and cd(B) = {1,n,m}.
(2) There is a prime t such that G has a normal Sylow t-subgroup T with cd(T ) = {1, tl} for some integer
l  2, tl ∈ {m,n}, Op(G)/T is abelian, the Fitting height of Op(G) is 2, and so the Fitting height of G is at
most 3.
Notice that this is a generalization of Lewis’ theorem, and we present two examples of groups. The
ﬁrst example implies that the conclusion (2) of Theorem A does occur. The second example shows
that, in Theorem A, the condition that the pairs (p,m) and (p,n) are strongly coprime cannot be
removed. Also, our proofs of this result rely on the primeness of p as can be seen in Theorem (3.7).
We would like to be able to determine whether this hypothesis is necessary.
In Theorem B of [4], Lewis was able to prove that if
cd(G) = {1, p,q, r, s, pr, ps,qr,qs},
where p, q, r, and s are distinct primes, then G = A × B , where cd(A) = {1, p,q} and cd(B) = {1, r, s},
and he again proposed the question of whether it is possible to relax the primeness hypothesis in
Theorem B. In Theorem B of this paper, we consider how we can drop the primeness hypothesis of
cd(G) and yet still obtain a similar conclusion.
Theorem B. Let p and q be distinct primes and m and n be coprime integers greater than 1 such that the
pairs (p,m), (p,n), (q,m), and (q,n) are strongly coprime pairs. If G is a solvable group such that cd(G) =
{1, p,q,n,m, pn, pm,qn,qm}, then one of the following holds:
(1) G = A × B, where cd(A) = {1, p,q} and cd(B) = {1,n,m}, and either cd(O{p,q}(G)) = {1,n,m} or
cd(Oπ∪σ (G)) = {1, p,q}, where π = π(m) and σ = π(n) are the sets of all prime divisors of m and n,
respectively.
(2) cd(O{p,q}(G)) = {1,n,m} and there is a prime t such that G has a normal Sylow t-subgroup T with
cd(T ) = {1, tl} for some integer l  2, tl ∈ {m,n}, O{p,q}(G)/T is abelian, the Fitting height of O{p,q}(G)
is 2, and the Fitting height of G is at most 4.
We do not have an example of a group that meets the conclusion (2) of Theorem B, so it is an
open question whether such a group exists. Also, our strategy to prove Theorem B shows why we
need the primeness of p and q in Theorem B.
2. Direct products when cd(Oπ (G)) = {1,n,m}
In this part, we consider a group G , where cd(G) = {1,m,n} for coprime integers m and n. The case
where m and n are distinct primes was originally studied by Isaacs and Passman in their paper [3].
A paper by Noritzsch [8], has taken their results and expanded them to the general case. These groups
fall into two categories based on their Fitting heights. Using standard notation we deﬁne the Fitting
subgroup F(G) of G to be the largest normal nilpotent subgroup of G . Inductively, we deﬁne F0 = 1
and Fi+1/Fi = F(G/Fi) for integers i  0. When G is solvable, it is clear that there is some integer i
so that Fi = G . We deﬁne the Fitting height of G to be the smallest integer i so that Fi = G . From a
theorem of Garrison (Corollary (12.21) of [2]), we know that the Fitting height of G is less than or
equal to |cd(G)|. When cd(G) = {1,m,n}, it follows that the Fitting height of G is at most 3. Since
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interest can be categorized as those having Fitting height 3 and those having Fitting height 2. More
detail of these groups is the content of Lemma (4.1) of [4]. We will use this lemma in this section
and also in proving Theorems A and B.
Now, we consider a group G which has a normal subgroup K , where cd(K ) = {1,m,n} for coprime
integers m and n. We also have a set of primes π with the property that Oπ (K ), the smallest normal
subgroup of K whose quotient is a π -group, is K itself and the pairs (p,m) and (p,n) are strongly
coprime pairs for every p ∈ π . If P ∈ Hallπ (G), then we prove that P K is a direct product or there is
a prime t such that P K has a normal Sylow t-subgroup T such that cd(T ) = {1, tl} for some integer
l 2, tl ∈ {n,m}, K/T is abelian, and the Fitting height of K is 2.
This result is a key step in proving Theorems A and B. Also, notice that the following Theorem (2.2)
is a generalization of Theorem (5.2) of [4] because if we replace π by the singleton {p} and m and n
are primes, then the conclusion (2) of the following Theorem (2.2) does not occur.
To obtain the main result of this section, we need the following lemma.
(2.1) Lemma. Let π be a set of primes, and let m and n be coprime integers such that p does not divide mn for
every p ∈ π . Assume that G is a group and suppose that cd(K ) = {1,m,n} ⊆ cd(G), where K = Oπ (G). Then
G splits over K and there is a complement N for K such that the following hold:
(1) K has a normal abelian Hall π -subgroup U such that P = UN is a Hall π -subgroup of G, and Z(K ) is a
π ′-group.
(2) Suppose that the Fitting height of K is 3 and let F = F(K ) be the Fitting subgroup of K such that
[K ,N] ⊆ F . If F/Z(K ) is a π ′-group, then [K ,N] ⊆ Z(K ).
Proof. Since every prime t ∈ π divides no character degree of K , we know that K has a normal
abelian Hall π -subgroup U (see Corollary (12.34) of [2]). Letting R be a π -complement of K , we
obtain K = RU . Observe that [U , R]R is a normal subgroup of K having index that is a π -number.
Since K = Oπ (K ), we conclude that K = [U , R]R and U = [U , R]. By Fitting’s lemma, this implies that
CU (R) = 1, and thus NK (R) = R and Z(K )∩U = 1. In particular, Z(K ) is a π ′-group (this is the second
part of (1)). By a Frattini argument, we have G = KNG(R). It follows that R is a normal π -complement
of NG(R). By choosing a Hall π -subgroup N of NG(R), we have K ∩ N = 1 and G = KN . We observe
that P = UN is a Hall π -subgroup of G . This completes the proof of (1).
To prove (2), we assume that E/F = F(K/F ) is the Fitting subgroup of K/F . From Lemma (4.1)(a)
of [4], we know that F = S ×Z(K ), where S = [E, F ] is a minimal normal subgroup of K . Then S is an
elementary abelian s-group for some prime s that does not divide |E : F |. Also, Lemma (4.1)(a) of [4]
yields the fact that cd(K ) = {1, |K : E|, |E : F |} = {1,m,n}, and K/E and E/F are both cyclic groups.
We assume that |K : E| = n and |E : F | =m.
By hypothesis of (2), we have that F/Z(K ) is a π ′-group, and so s /∈ π . This implies that t does
not divide |S| for all primes t ∈ π . Recall that F = S ×Z(K ). Each prime t in the set π divides neither
|Z(K )| nor |K : F |. Thus, t does not divide |F | nor does it divide |K | for all primes t ∈ π . It follows
that U = 1, P = N , and R = K . Now, N acts coprimely on K and [K ,N] = [K ,N,N] ⊆ [F ,N] ⊆ [K ,N]
as [K ,N] ⊆ F by the hypothesis. Therefore, we have [K ,N] = [F ,N] and [K ,N]Z(K ) is a normal
subgroup of K . Since F/Z(K ) ∼= S is a chief factor for K , either F = [K ,N]Z(K ) or [K ,N] ⊆ Z(K ).
Consider a character χ ∈ Irr(G) with χ(1) = m, so by Corollary (11.29) of [2], χE ∈ Irr(E). Because
χ(1) > 1, we obtain S = E ′  ker(χE ). When we take characters σ ∈ Irr(S) and ζ ∈ Irr(Z(K )) where
σ × ζ is an irreducible constituent of χF , then σ = 1S .
Since χE is N-invariant, N acts on the irreducible constituents of χF . We also know that E/F
acts transitively on the irreducible constituents of χF . Because the action of N on E/F is coprime
and central, we conclude that all of the irreducible constituents of χF are N-invariant (this is Corol-
lary (13.9) of [2]). Also, let μ ∈ Irr(F ) be an irreducible constituent of χF . Then μ is N-invariant.
There exists τ ∈ Irr(S) and ζ ∈ Irr(Z(K )) such that μ = τ × ζ . Note that S = [E, F ], where both E
and F are characteristic in K . It follows that S must be characteristic in K , and N acts on S . Be-
cause τ × ζ is N-invariant, τ and thus τ × 1Z(K ) must themselves be N-invariant. We now know that
[F ,N]Z(K ) ⊆ ker(τ × 1) < F . We conclude that [K ,N] = [F ,N] ⊆ Z(K ). 
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(2.2) Theorem. Let π be a set of primes, and let m and n be coprime integers such that for every p ∈ π the
pairs (p,m) and (p,n) are strongly coprime pairs. Assume that G is a group such that cd(K ) = {1,m,n} ⊆
cd(G), where K = Oπ (G). Also, suppose that U is a Hall π -subgroup of K . Then G splits over K and there is a
complement N for K such that one of the following holds:
(1) [K ,N] ⊆ Z(K ), N ⊆ CG(U ), K = CK (N) × [K ,N], G = CK (N) × N[K ,N], and cd(K ) = cd(CK (N)).
(2) There is a prime t such that G has a normal Sylow t-subgroup T such that cd(T ) = {1, tl} for some integer
l 2, tl ∈ {n,m}, K/T is abelian, and the Fitting height of K is 2.
Proof. By applying Lemma (2.1), we obtain that U is a normal abelian Hall π -subgroup of K , that G
splits over K , and that there is a complement N for K such that P = UN is a Hall π -subgroup of G .
Letting R be a π -complement of K , we have K = RU . We consider two cases: either N is a cyclic
p-group for some prime p ∈ π or N is not a cyclic p-group for all primes p ∈ π .
Case 1: N is a cyclic p-group for some prime p ∈ π .
Let F denote F(K ). From the earlier discussion, we know that K has Fitting height 2 or 3. The
proof now splits into two subcases based on the Fitting height of K .
Subcase 1: K has Fitting height 3.
Write E/F = F(K/F ). From Lemma (4.1)(a) of [4], we know that F = S × Z(K ), where S = [E, F ] is
a minimal normal subgroup of K . Then S is an elementary abelian s-group for some prime s that does
not divide |E : F |. Also, Lemma (4.1)(a) of [4] yields the fact that cd(K ) = cd(K/Z(K )) = {1, |K : E|, |E :
F |} = {1,m,n}, |K : E| is prime, and K/E and E/F are both cyclic groups. We assume that |K : E| = n
is a prime and |E : F | =m. Also, Lemma (4.1)(a) of [4] yields that E/Z(K ) is a Frobenius group with
Frobenius kernel F/Z(K ) which is isomorphic to S . Since |E : F | = m, we obtain that s does not
divide m. We know that K/F is not nilpotent and E/F is cyclic. Let C/F = CG/F (E/F ). Then C/F ∩
K/F = CK/F (E/F ) and observe that E/F ⊆ CK/F (E/F ) ⊆ K/F . Since E/F = F(K/F ), it is well known
that CK/F (E/F ) ⊆ E/F . Hence, E = C ∩ K .
We claim that [P , K ] ⊆ F and [N, R] ⊆ F ∩ R . To do this, we consider two possibilities: m is prime
and m is not prime. If m is prime, then since n is also prime, we apply the same argument used in
the ﬁrst three paragraphs of Case (1) of the proof of Theorem (5.2) of [4] to deduce [P , K ] ⊆ F and
[N, R] ⊆ F ∩ R , as claimed.
Assume m is not prime and let m = qe11 qe22 · · ·q
e j
j be the decomposition of m into prime powers.
Observe that E/F is a cyclic group of order m, and hence Aut(E/F ) is an abelian group of order
qe1−11 (q1 − 1)qe2−12 (q2 − 1) · · ·q
e j−1
j (q j − 1). By hypothesis, we know the pairs (p,m) are strongly
coprime pairs for every p ∈ π . It follows that p does not divide qi − 1 for every p ∈ π and for every
1  i  j. This implies that Aut(E/F ) is a π ′-group. Since N is a p-group with p ∈ π , we deduce
that N acts trivially on E/F , and so N ⊆ C . Hence, NE ⊆ C . But since (NE)K = G , it follows that
C = NE(C ∩ K ) = NEE = NE by using Dedekind’s lemma. Therefore, NE is a normal subgroup of G
as C is a normal subgroup of G . Now, we have (NF )E = NE , NF ∩ E = F , and NF/F is a Sylow p-
subgroup of NE/F . As N centralizes E/F , NE/F = NF/F × E/F is a direct product. This implies that
NF is a normal subgroup of G as NF/F is a characteristic subgroup of NE/F .
Observe that G/F = (K/F )(NF/F ), and NF/F and P F/F are both Hall π -subgroups of G/F with
NF ⊆ P F as N ⊆ P . We deduce that NF = P F , and so P F is a normal subgroup of G . Now, we see
that [P , K ] ⊆ [P F , K ] ⊆ P F ∩ K = F and [N, R] ⊆ [P , K ] ∩ R ⊆ F ∩ R , as claimed.
We must deal with two possibilities: either s ∈ π or s /∈ π . First, assume that s /∈ π . This implies
that F/Z(K ) is a π ′-group. By applying Lemma (2.1), we obtain that Z(K ) is a π ′-group and [N, K ] ⊆
Z(K ) as we know [K ,N] ⊆ [K , P ] ⊆ F . Thus, K is a π ′-group. This implies that U = 1, and so N ⊆
CG(U ). Since N acts coprimely on K and [N, K ] ⊆ Z(K ), it follows from Lemma (3.2) of [4] that
K = CK (N) × [N, K ]. Since [N, K ] is abelian, we obtain cd(CK (N)) = cd(K ). Observe that G = KN and
N centralizes CK (N). We conclude that G = CK (N) × N[N, K ].
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First, we assume that s = p. By the second part of Lemma (2.1)(1), we know that Z(K ) is a π ′-
group. Also, we have that K/F is a π ′-group. It follows that S is a Hall π -subgroup of K , and so
S = U . This implies that P ∈ Sylp(G). Recall that P F is a normal subgroup of G . This implies that
R normalizes P F , so R acts on the quotient P F/Z(K ). Also, we see that P F = P SZ(K ) = PZ(K )
and that P F/Z(K ) ∼= P , which implies that P F/Z(K ) is a p-group. It follows that Z(P )Z(K )/Z(K ) =
Z(PZ(K )/Z(K )), and Z(P )Z(K ) is normalized by R . Observe that F/Z(K ) is a non-trivial normal
subgroup of the p-group PZ(K )/Z(K ), and so F/Z(K ) ∩ Z(PZ(K )/Z(K )) is non-trivial. Then, since
Z(P )Z(K )/Z(K ) = Z(PZ(K )/Z(K )), we deduce Z(K ) < F ∩ Z(P )Z(K ) and F ∩ Z(P )Z(K ) is normal in K .
Since F/Z(K ) is a chief factor for K , we have U × Z(K ) = F ⊆ Z(P )Z(K ). Because U ⊆ P , we conclude
that U ⊆ Z(P ). In particular, N ⊆ CG(U ), so [K ,N] = [U R,N] = [R,N] and CK (N) = UCR(N).
Observe that Z(K ) is a π -complement for F . This implies that Z(K ) = F ∩ R ⊆ R , and so Z(K ) =
F ∩ R ⊆ Z(R). Recall that [R,N] ⊆ F ∩ R = Z(K ). This implies that [R,N] ⊆ F ∩ R = Z(K ) ⊆ Z(R). Hence,
N acts coprimely on R such that [R,N] ⊆ Z(R). By applying Lemma (3.2) of [4], we obtain that R =
CR(N) × [N, R]. Note that K = RU = [N, R]UCR(N) = [K ,N]CK (N), and it is easy to see that CK (N) ∩
[K ,N] = 1. Since [K ,N] ⊆ Z(K ), we conclude that K = CK (N) × [N, K ], and as [N, K ] is abelian, we
obtain cd(CK (N)) = cd(K ). Also, we determine that G = N[N, K ]CK (N). Since CK (N) centralizes both
[K ,N] and N , so CK (N) and N[N, K ] are both normal in G . It is easy to show N[K ,N] ∩ CK (N) = 1,
and this yields G = CK (N) × N[N, K ]. This completes the proof of the conclusion (1) in this case.
Finally, we assume s = p. This forces that K is a p′-group, and hence K = Op(G) and also N ∈
Sylp(G). Replacing π by the singleton {p} and using Lemma (2.1)(1), we deduce that G splits over K
and there is a complement W for K which is a Sylow p-subgroup of G as K is a p′-group and
G/K is a p-group. We have N,W ∈ Sylp(G), and so N = W g for some g ∈ G . Recall that [N, K ] ⊆
[P , K ] ⊆ F . This implies that [W , K ] = [Ng−1 , K ] = [N, K ]g−1 ⊆ F g−1 = F . Since F/Z(K ) is a p′-group
and the Fitting height of K is 3, it follows from Lemma (2.1)(2) that [K ,W ] ⊆ Z(K ) as [W , K ] ⊆ F .
We conclude that [K ,N] = [K ,W g] = [K ,W ]g ⊆ Z(K )g = Z(K ). We have [U ,N] ⊆ [K ,N] ⊆ Z(K ), and
hence [U ,N] is a π ′-group. On the other hand, U is a normal Hall π -subgroup of K . This implies
that U is a normal subgroup of G , so [U ,N] is a subgroup of U . Thus, [U ,N] is a π -group, and hence
[U ,N] = 1. We obtain that N ⊆ CG(U ).
Observe that N acts coprimely on K such that [K ,N] ⊆ Z(K ). It follows from Lemma (3.2) of [4]
that K = CK (N) × [N, K ]. Since [N, K ] is abelian, we obtain cd(CK (N)) = cd(K ). Observe that G = KN
and N centralizes CK (N). We conclude that G = CK (N) × N[N, K ].
Subcase 2: K has Fitting height 2.
By Lemma (4.1)(b) of [4], we know that |K : F | ∈ cd(K ). Since cd(K ) is symmetric in m and n,
without loss of generality, we may assume that |K : F | = n.
We obtain from Lemma (4.1)(b) of [4] that cd(F ) = {1,m}, that F = T × Z , where T ∈ Sylt(K ) (for
some prime divisor t of |K |) has nilpotence class 2 (i.e. T ′ ⊆ Z(T )), and that Z ⊆ Z(K ). Hence, m = tl
for some integer l 1, and cd(F ) = cd(T ) = {1,m}. Also, observe that T ∈ Sylt(G) is normal in G , and
since by Lemma (4.1)(b) of [4] we know that K/F is cyclic, we obtain that K/T is abelian. If m is not
prime, then l 2, and hence we get the desired conclusion of (2).
Thus, we assume m is prime. Because h does not divide either |T | or |K : K ′| for every h ∈ π , we
conclude that h does not divide |K | for every h ∈ π . Thus, we deduce that K = R , that U = 1, and that
N = P . This implies that N ⊆ CG(U ). By Glauberman’s lemma (Lemma (13.8) of [2]), we may choose
a t-complement V in K so that [V ,N] ⊆ V .
We claim that [V ,N] ⊆ Z(K ). If n is a prime number, then we apply the same argument used in
Case (2) of the proof of Theorem (5.2) of [4] to deduce that [V ,N] ⊆ Z(K ), as claimed.
Hence, we may assume n is not a prime number. Let n = r f11 r f22 · · · r fuu be the decomposition of n
into prime powers. Let K1/F be a subgroup of K/F of order r1. Recall that K/F is cyclic, and hence
K1 is a normal subgroup of G . Then we claim that cd(K1) = {1, r1,m}. To see this, let ν ∈ Irr(K1) be
a non-linear irreducible character of K1 and let θ ∈ Irr(K ) be an irreducible constituent of νK . By the
Frobenius reciprocity, ν ∈ Irr(K1) is an irreducible constituent of θK1 . Recall that cd(K ) = {1,m,n}.
If θ(1) = m, then Corollary (11.29) of [2] implies that θK1 is irreducible because (m, |K/K1|) = 1. It
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be an irreducible constituent of θF . Hence, ω(1) ∈ cd(F ) = {1,m} and also ω(1) divides θ(1) = n. Since
(m,n) = 1, we deduce ω(1) = 1, and so ωK (1) = |K : F | = n = θ(1). It follows that ωK is irreducible,
and so ωK1 is irreducible. But ν is an irreducible constituent of ωK1 . This implies ν = ωK1 , and hence
ν(1) = ωK1 (1) = |K1 : F | = r1. We conclude that cd(K1) = {1, r1,m}.
We have that F = F(K1), |K1 : F | = r1 is a prime number, K1 has Fitting height 2, and K1 =
Op(NK1) because K1 is a normal p′-subgroup of NK1 whose index in NK1 is a p-power. We set V1 =
V ∩ K1. Note that V1 is an N-invariant t-complement in K1. By applying Case (2) of Theorem (5.2)
of [4] to the group NK1, we deduce that [V1,N] ⊆ Z(K1).
On the other hand, we claim that [T ,N] ⊆ Z(T ). Write C = CT (V ). From Lemma (4.1)(b) of [4], we
know that K ′ = [T , V ], T /T ′ = K ′/T ′ × C/T ′ and K/T ′ = C/T ′ × K ′V /T ′ . Note that V ∩ F = Z and
K = F V . As T ′ ⊆ C , we see that C is normal in T .
Consider a character χ ∈ Irr(G) so that χ(1) = n. It follows from Corollary (11.29) of [2] that
ϑ = χK ∈ Irr(K ). Note that every irreducible constituent of χT is linear and T ′ ⊆ ker(ϑ). This implies
that ϑ = α × β for characters α ∈ Irr(C/T ′) and β ∈ Irr([T , V ]V /T ′). Since C/T ′ is abelian, we have
α(1) = 1, and hence, β(1) = ϑ(1) = n. Because ϑ is N-invariant, it follows that 1C × β is N-invariant.
Thus, N acts on the set Ω of irreducible constituents of (1C × β)T and V acts transitively on Ω .
By Glauberman’s lemma (Lemma (13.8) of [2]), there is an N-invariant irreducible constituent γ ∈
Irr(T /C) of (1C ×β)T . Observing that (1C ×β)T = 1C ×β[T ,V ] , we obtain that γ[T ,V ] is irreducible and
is a constituent of β[T ,V ] . Since β is non-linear, we see that [T , V ] = K ′  ker(β). This implies that
γ[T ,V ] = 1[T ,V ] , and hence γ = 1T . Also, we have that [T ,N] ⊆ ker(γ ) as γ is N-invariant. Considering
C ⊆ ker(γ ), we conclude that [T ,N]C < T .
Fix an irreducible character ψ ∈ Irr(G) where ψ(1) =m. By Corollary (11.29) of [2], we know that
ψK ∈ Irr(K ). Recall that m is a prime. Since m does not divide |K : T |, we deduce that δ = ψT ∈ Irr(T ).
Clearly, δ is N-invariant, and with N centralizing T /[T ,N]C , it follows from Corollary (13.9) of [2]
that every irreducible constituent of δ[T ,N]C is N-invariant. From Lemma (4.1)(b) of [4], we see that
δ is fully ramiﬁed with respect to T /C . As δ(1) = m, we determine that |T : C | = m2, and using
Lemma (12.4) of [6], we have that δ is fully ramiﬁed with respect to T /[T ,N]C . When we recall that
C ⊆ [T ,N]C < T and |T : C | =m2, the previous statement yields [T ,N]C = C and [T ,N] ⊆ C .
Suppose that ϕ ∈ Irr(T ) is an arbitrary non-linear irreducible character of T . Again, it follows from
Lemma (4.1)(b) of [4] that ϕ is fully ramiﬁed with respect to T /C . This implies that m2 = |T : C | and
ϕC = mλ for some linear character λ of C . We obtain that C ⊆ Z(ϕ), and so C ⊆ Z(T ). We conclude
that [T ,N] ⊆ Z(T ) as [T ,N] ⊆ C .
Now, we show that Z(T ) ⊆ Z(K ). We know that m2 = |T : C | and C ⊆ Z(T ). Also, since T is an
m-group, we have that m2 divides |T : Z(T )|. We deduce that C = Z(T ), and so T ⊆ CK (C). Recall that
C = CT (V ), and hence V ⊆ CK (C). We determine that K = T V ⊆ CK (C), so C ⊆ Z(K ). We conclude
that Z(T ) ⊆ Z(K ).
Recall that F = T × Z is the Fitting subgroup of K , where Z ⊆ Z(K ). Also, since F ⊆ K1, it follows
that F is the Fitting subgroup of K1 as |K1 : F | = r1. This implies that Z ⊆ Z(K1), and so Z(K1) ⊆
Z(F ) = Z(T ) × Z ⊆ Z(K ) as Z(T ) ⊆ Z(K ).
Observe that K/K1 is a cyclic group of order n/r1, and hence Aut(K/K1) is an abelian group
of order r f1−21 (r1 − 1)r f2−12 (r2 − 1) · · · r fu−1u (ru − 1). By hypothesis, we know that the pair (p,n) is
strongly coprime pair. It follows that p does not divide ri − 1 for every 1  i  u. This implies that
Aut(K/K1) is a p′-group. Since NK1/K1 acts on K/K1 and NK1/K1 is a p-group, we deduce that
NK1/K1 centralizes K/K1, and so NK1 is a normal subgroup of G as G = NK . This implies that
[V ,N] ⊆ V ∩ NK1 = V1. Since N acts on V coprimely, we have
[V ,N] = [V ,N,N] ⊆ [V1,N] ⊆ Z(K1) ⊆ Z(K ).
Finally, we deduce that [K ,N] = [T V ,N] ⊆ [T ,N][V ,N] ⊆ Z(T )Z(K ) ⊆ Z(K ). Observe that N acts
coprimely on K such that [K ,N] ⊆ Z(K ). It follows from Lemma (3.2) of [4] that K = CK (N) × [N, K ].
Since [N, K ] is abelian, we obtain cd(CK (N)) = cd(K ). Observe that G = KN and N centralizes CK (N).
We conclude that G = CK (N) × N[N, K ].
K. Aziziheris / Journal of Algebra 323 (2010) 1765–1782 1771Case 2: N is not a cyclic p-group for all p ∈ π .
Since N is not a cyclic p-group for all p ∈ π , this implies that G/K is not a cyclic p-group
as G/K is isomorphic to N . Then N = 〈N1,N2, . . . ,Nr〉, where Ni is cyclic pi-subgroup of N with
pi ∈ π for 1  i  r. Since G/K is not a cyclic p-group for all p ∈ π , we deduce that KNi < G .
By induction, either KNi has a normal Sylow t-subgroup for some prime t with properties of (2)
or we have [Ni, K ] ⊆ Z(K ) and Ni ⊆ CG(U ). But if KNi has a normal Sylow t-subgroup for some
prime t with properties of (2), then K has a normal Sylow t-subgroup for some prime t with prop-
erties of (2), and so G has a normal Sylow t-subgroup for some prime t with properties of (2).
Thus, we assume that [Ni, K ] ⊆ Z(K ) and Ni ⊆ CG(U ) for all i. In other words, Ni ⊆ CG(K/Z(K ))
for all i. We deduce that N = 〈N1,N2, . . . ,Nr〉 ⊆ CG(K/Z(K )) and also N ⊆ CG(U ). This implies that
[N, K ] ⊆ Z(K ). We have [K ,N] = [RU ,N] = [R,N] as [N,U ] = 1. It follows that [R,N] ⊆ Z(K ) ⊆ R
as R is a Hall π ′-subgroup of K and Z(K ) is a normal π ′-subgroup of K . We determine that
[R,N] ⊆ Z(R). By applying Lemma (3.2) of [4], we conclude that R = CR(N) × [R,N]. It follows that
K = RU = UCR(N)×[K ,N] as UCR(N)∩ [R,N] = 1 and [R,N] = [K ,N] ⊆ Z(K ). Since N centralizes U
and K = RU , we have UCR(N) = CK (N). Thus, we obtain that K = CK (N) × [K ,N]. Since [N, K ] is
abelian, we deduce cd(CK (N)) = cd(K ). Observe that G = KN and N centralizes CK (N). We conclude
that G = CK (N) × N[N, K ], and hence (1) holds. 
In the following corollary, we suppose that p and q are distinct primes and cd(Oπ (G)) = {1, p,q} ⊆
cd(G), where π is a set of primes not including p and q. Then it is easy to see that the conclusion (2)
of Theorem (2.2) does not occur.
(2.3) Corollary. Let π be a set of primes not including the primes p and q. Assume that G is a group so that
cd(K ) = {1, p,q} ⊆ cd(G), where K = Oπ (G). Then G splits over K and there is a complement N such that
G = CK (N) × N[K ,N] and cd(K ) = cd(CK (N)).
Proof. Since cd(Oπ (G)) = {1, p,q} ⊆ cd(G), and p and q are primes, it follows that the conclusion (2)
of Theorem (2.2) does not occur. By conclusion (1) of Theorem (2.2), we obtain that G splits over K
and there is a complement N such that G = CK (N) × N[K ,N] and cd(K ) = cd(CK (N)). 
We now obtain another corollary. In this corollary, we assume that we have a group G so that
cd(G) = {1,a,b, c,ab,ac}, where a, b, and c are pairwise coprime integers greater than 1 such that
the pairs (p,b) and (p, c) are strongly coprime pairs for each prime divisor p of a. We also assume
that cd(Oπ (G)) = {1,b, c}, where π = π(a) is the set of all prime divisors of a. Under this additional
hypothesis, we prove the conclusion of Theorem A.
(2.4) Corollary. Let a, b, and c be pairwise coprime integers greater than 1 such that the pairs (p,b) and
(p, c) are strongly coprime pairs for each prime divisor p of a. Suppose that cd(G) = {1,a,b, c,ab,ac} and
cd(K ) = {1,b, c}, where K = Oπ (G) and π = π(a). Then one of the following holds:
(1) G = A × B, where cd(A) = {1,a} and cd(B) = {1,b, c}.
(2) There is a prime t such that G has a normal Sylow t-subgroup H such that cd(H) = {1, tl} for some integer
l 2, tl ∈ {b, c}, K/H is abelian, and the Fitting height of K is 2.
Proof. We assume that the conclusion (2) is not true and we prove the conclusion (1). By Theo-
rem (2.2), there is a complement N for K in G so that G = [K ,N]N × CK (N) and cd(K ) = cd(CK (N)).
Take A = [K ,N]N and B = CK (N). Then cd(B) = cd(K ) = {1,b, c}. It is easy to see that cd(A) = {1,a},
and we have the result. 
3. Obtaining the character degrees of Oπ (G)
In this section, under some speciﬁc conditions on a group G , we try to obtain the character degree
set of Oπ (G), where π is a special set of primes.
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a character θ ∈ Irr(H) to use Irr(G|θ) to denote {χ ∈ Irr(G) | [χ,θG ] = 0}. In this spirit, we write
cd(G|θ) = {χ(1) | χ ∈ Irr(G|θ)}. We also use the notation cdH (G|a) to represent the union of all the
sets cd(G|θ) over all θ ∈ Irr(H), where θ(1) = a.
The following two lemmas are Lemmas (6.1) and (6.2), respectively, of [4]:
(3.1) Lemma. Let G be a ﬁnite group, and suppose that K is a normal subgroup of G. Assume that the character
degrees a, b, and f lie in cd(K ), cd(G), and cd(G/K ), respectively. If a ∈ cdK (G|a), then af ∈ cdK (G|a).
Furthermore if (b, |G : K |) = 1, then b ∈ cd(K ) and bf ∈ cdK (G|b).
(3.2) Lemma. Let K be a normal subgroup of G such that G/K is a Frobenius group with kernel N/K
an elementary abelian p-group for some prime p. Suppose that a ∈ cd(G) is relatively prime to |G : N|. If
a|G : N| /∈ cd(G), then p divides a.
In [5], Lewis found a characterization of solvable groups G whose degree graphs (G) have two
connected components, where the degree graph (G) has vertex set ρ(G) that consists of the primes
that divide the character degrees of G and there is an edge between p and q if pq divides some degree
a ∈ cd(G). This graph was introduced in [6]. In particular, in [6] it is proved that if G is solvable then
(G) has at most two connected components.
In fact, in the section (2) of [5], Lewis presented six examples (Examples (2.1)–(2.6)) of solvable
groups that have degree graphs with two connected components, and then in the main theorem, he
proved that if G is a solvable group, then (G) has two connected components if and only if G is
one of the groups included in Examples (2.1)–(2.6). Also, in the section (3) of that paper, he found the
connected components of each example included in Examples (2.1)–(2.6) (Lemmas (3.1)–(3.6) of [5]).
In the following lemmas, we will use these lemmas.
(3.3) Lemma. Let a, b, and c be pairwise coprime integers greater than 1. Suppose that G is a solvable group so
that cd(G) = {1,a,b,bu1,bu2, . . . ,bui}, where u1,u2, . . . ,ui are some non-trivial divisors of c. Also suppose
that G does not satisfy the hypotheses of Example (2.6) of [5]. Then cd(Oπ (G)) = {1,a,b}, where π = π(c).
Proof. Observe that (G) has two connected components π(a) and π(b) ∪ π(u1u2 · · ·ui). By using
Main Theorem of [5], G satisﬁes the hypotheses of one of Examples (2.1)–(2.6) of [5]. Since G does
not satisfy the hypotheses of Example (2.6) of [5], to complete this proof it suﬃces to show that G
does not satisfy the hypotheses of Examples (2.2)–(2.5) of [5] and if G satisﬁes the hypotheses of
Example (2.1) of [5], then we have the desired result.
If G satisﬁes the hypotheses of Example (2.1) of [5], then Lemma (3.1) of [5] implies that a = sn for
some prime s and some positive integer n, and G has a normal non-abelian Sylow s-subgroup S and
G/S is abelian. Let C/S be the Hall π ′-subgroup of G/S . Since C is a normal subgroup of G whose
order is a π ′-number and whose index is a π -number, we deduce that C = Oπ (G). We claim that
cd(C) = {1,a,b}. To see this, since a,b ∈ cd(G) are π ′-numbers, Corollary (11.29) of [2] implies that
a,b ∈ cd(C). Also, if θ ∈ Irr(C) and χ ∈ Irr(G|θ), then χ(1) = etθ(1), where e and t divide |G : C |, and
so are π -numbers. Also, θ(1) is a π ′-number as C is a π ′-group. Hence, θ(1) is the π ′-part of some
character degree of G . From the list of character degrees, the π ′-parts of character degrees of G are 1,
a, and b. We conclude that cd(C) = {1,a,b}. Hence, we are done in this case.
Since (G) has more than two vertices, Lemmas (3.2) and (3.3) of [5] imply that G does not satisfy
the hypotheses of Examples (2.2) and (2.3) of [5].
If G satisﬁes the hypotheses of Example (2.4) of [5], then by Lemma (3.4) of [5] and by the fact that
none of u1,u2, . . . ,ui is a character degree of G , we conclude (G) has two connected components
π(|G : E|) and π(|E : F |), where F is the Fitting subgroup of G , E/F is the Fitting subgroup of G/F ,
and G/E is nilpotent. Also, we know
cd(G) = {d ∣∣ d divides |G : E|} ∪ {|E : F |}
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|G : E| for each 1 j  i, and so bu1 = bu2 = · · · = bui = |E : F | as bu1,bu2, . . . ,bui ∈ cd(G). But (G)
has two connected components π(|G : E|) and π(|E : F |) = π(bu1), and |E : F | = bu1 is the only
degree in cd(G) divisible by primes in π(|E : F |) = π(bu1) as cd(G) = {d | d divides |G : E|} ∪ {|E : F |}.
On the other hand, b is also a degree in cd(G) which is divisible by primes in π(bu1). This forces that
b = bu1, and hence u1 = 1 which is a contradiction.
If G satisﬁes the hypotheses of Example (2.5), then Lemma (3.5) of [5] shows that {2} and
π(2l + 1), where l is a positive integer such that 2l + 1 is a character degree of G , are two con-
nected components of (G). Also, by Lemma (3.5) of [5], we know that cd(G) consists of 1, powers
of 2, and 2l + 1. Since cd(G) = {1,a,b,bu1,bu2, . . . ,bui}, this is a contradiction as a, b, and u j are
pairwise coprime for each 1 j  i. 
In the following lemma, we let a, b, and c be pairwise coprime integers greater than 1. We suppose
that G is a solvable group so that the character degree set of G is
cd(G) = {1,a,b,bu1,bu2, . . . ,bui},
where u1,u2, . . . ,ui are some non-trivial divisors of c. Then we observe that the character degree
graph of G , (G), has two connected components. Also, we assume that G satisﬁes the hypotheses
of Example (2.6) of [5]. Then we prove that a is a prime number, and that |G : E| = a and |E : F | = b,
where F and E/F are the Fitting subgroups of G and G/F , respectively.
(3.4) Lemma. Let a, b, and c be pairwise coprime integers greater than 1. Suppose that G is a solvable group so
that cd(G) = {1,a,b,bu1,bu2, . . . ,bui}, where u1,u2, . . . ,ui are some non-trivial divisors of c. Also suppose
that G satisﬁes the hypotheses of Example (2.6) of [5]. Then a is a prime number, |G : E| = a, and |E : F | = b,
where F and E/F are the Fitting subgroups of G and G/F , respectively.
Proof. Since G satisﬁes the hypotheses of Example (2.6) of [5], Lemma (3.6) of [5] implies that (G)
has two connected components π(|G : E|) and π(|E : F |) ∪ {p}, where p is some prime such that G
has a normal Sylow p-subgroup, F is the Fitting subgroup of G , and E/F is the Fitting subgroup of
G/F . Also, there is a normal subgroup A of G such that A′ ⊆ F and G/A′ satisﬁes the hypotheses
of Example (2.4) of [5], and so by applying Lemma (3.4) of [5] and Theorem (3.2) of [7], we have
that cd(G/A′) = {d | d divides |G : E|} ∪ {|E : F |}. We note that p does not divide |E : F | as G has
a normal Sylow p-subgroup. We observe that cd(G) contains degrees divisible by p and we know
|E : F | ∈ cd(G) is divisible by only primes in π(|E : F |) and not by p. Also, since a is the only degree
in cd(G) divisible by primes in π(a) which is one of two connected components of (G), we conclude
that |G : E| = a, and so all divisors of a are character degrees of G as {d | d ∈ Ω} ⊆ cd(G), where Ω is
the set of all divisors of |G : E|. But we know that a is the only degree in cd(G) divisible by primes in
π(a). We obtain that a must be a prime.
Therefore, since |G : E| = a is prime, we deduce that cd(G/A′) = {1,a, |E : F |}. If |E : F | = bu j for
some 1  j  i, then p does not divide bu j and cd(G/A′) = {1,a,bu j}. This implies that p does not
divide b and {b,bul | l = j} ⊆ cd(G|A′), where
cd
(
G|A′) = {θ(1) ∣∣ θ ∈ Irr(G|A′)}
and Irr(G|A′) is the set of irreducible characters of G whose kernels do not contain A′ . On the other
hand, we know from Lemma (3.6)(vi) of [5] that p divides all members of cd(N|A′). In particular,
p divides b which is a contradiction. We conclude that |E : F | = b. 
In the next lemma, we assume that G is a group and M is a normal subgroup of G such that G/M
is a Frobenius group with Frobenius kernel N/M an elementary abelian t-group for some prime t .
Also, we assume that |G : N| = m for some integer m > 1 such that the numbers 1 and m are the
only π -parts of degrees in cd(G), where π = π(m), and cd(N) = {1,a,b,bu1,bu2, . . . ,bui}, where
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we show cd(Oπ (G)) = {1,a,b} if t divides b and m does not divide u − 1 when u is a proper prime
divisor of b.
(3.5) Lemma. Let a, b, and m be pairwise coprime integers greater than 1 such that m does not divide u − 1
when u is a proper prime divisor of b. Suppose that G is a solvable group and M is a normal subgroup of G
such that G/M is a Frobenius group with Frobenius kernel N/M an elementary abelian t-group for some prime
divisor t of b. Also, suppose that |G : N| =m, the numbers 1 and m are the only π -parts of degrees in cd(G),
whereπ = π(m), and cd(N) = {1,a,b,bu1,bu2, . . . ,bui}, where u1,u2, . . . ,ui are some non-trivial divisors
of m. Then cd(Oπ (G)) = {1,a,b}.
Proof. Observe that (N) has two connected components π(a) and π(b) ∪ π(u1u2 · · ·ui). We have
two possibilities: either N does not satisfy the hypotheses of Example (2.6) of [5] or N satisﬁes the
hypotheses of Example (2.6) of [5]:
If N does not satisfy the hypotheses of Example (2.6) of [5], then Lemma (3.3) implies that
cd(Oπ (N)) = {1,a,b}, and so cd(Oπ (G)) = {1,a,b} as |G : N| =m and π = π(m).
Assume N satisﬁes the hypotheses of Example (2.6) of [5]. Lemma (3.6) of [5] implies that (N)
has two connected components π(|N : E|) and π(|E : F |) ∪ {p}, where p is some prime such that N
has a normal Sylow p-subgroup P , F = P × Z is the Fitting subgroup of N for some central subgroup
Z of N , and E/F is the Fitting subgroup of N/F . By applying previous lemma, we have that |N : E| = a
and |E : F | = b. This implies that u1,u2, . . . ,ui are p-powers as a, b, and m are pairwise coprime
integers.
We claim that F ⊆ M . To see this, we know that p ∈ π as u1,u2, . . . ,ui are p-powers. Also, since
t divides b by hypothesis, we have that p = t . Hence, P ⊆ M as M is a normal subgroup of N of
t-power index. On the other hand, if all irreducible characters of Z are G-invariant, then χZ = f λ
for some integer f and λ ∈ Irr(Z), where χ ∈ Irr(G) is an arbitrary irreducible character of G . Thus,
Z ⊆ Z(χ), and so Z ⊆ Z(G). Suppose that x ∈ Z is an arbitrary element of Z . Since x ∈ Z ⊆ Z(G), we
must have CG/M(xM) = G/M . But we know that G/M is a Frobenius group. We conclude that x ∈ M ,
and hence Z ⊆ M . We obtain that F = P × Z ⊆ M as claimed.
Since G/M is a Frobenius group with kernel N/M , this implies that |G : N| =m divides |N/M| − 1.
We have (|N : M|, |N : E|) = 1, so N = ME . Observe that E/E ∩M is cyclic because F ⊆ E ∩M and E/F
is cyclic. Hence, N/M is both an elementary abelian t-group and cyclic. This forces that |N : M| = t ,
and hence |N : M| is a prime divisor of |E : F |. Since m does not divide u − 1 when u is a proper
prime divisor of b, we obtain that |N : M| = |E : F | and F = E ∩M . Thus, N/F = E/F ×M/F is abelian
which is a contradiction.
We conclude that Z has an irreducible character λ that is not G-invariant. It follows that N ⊆
StabG(λ) < G . Since |G : N| = m, this implies that |G : StabG(λ)| is a divisor of m. Observe that λ
extends to 1P × λ ∈ Irr(F ) and 1P × λ is invariant in StabG(λ). Since all Sylow subgroups of G/F are
cyclic, we can use Corollary (11.22) and Theorem (6.26) of [2] to see that λ extends to StabG(λ). We
deduce that |G : StabG(λ)| is a character degree in G . Since it is a π -degree, it must be m.
We know that u1,u2, . . . ,ui are all character degrees of P . Now, let α ∈ Irr(P ) with degree u1.
Then StabG(α × λ) ⊆ StabG(λ). By the Clifford correspondence, mu1 divides an irreducible character
degree of G . This is a contradiction as 1 and m are the only π -parts of degrees in cd(G). 
In light of Corollary (2.4), to prove Theorem A it suﬃces to show that
cd
(
Op(G)
) = {1,n,m}.
Our strategy depends on the following. We take K to be a subgroup of G that is maximal with the
property that K is normal in G and G/K is non-abelian. We know that cd(G/K ) = {1, f } for some
character degree f and G/K is either an s-group for some prime s or G/K is a Frobenius group (this
is Lemma (12.3) of [2]). We break up our proof into different cases depending on the value of f . There
are three different cases: f = p, f ∈ {pn, pm}, and f ∈ {n,m}. It is obvious that when f ∈ {pn, pm},
G/K cannot be an s-group for any prime s. When f ∈ {n,m}, we will apply Theorem (7.3) of [4].
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result. We present the more general context. Suppose a, b, and m are pairwise coprime integers
greater than 1. Also, assume that G is a group with
cd(G) = {1,m,a,b,ma,mb}
and there is a normal subgroup K of G such that G/K is a Frobenius group with kernel N/K whose
index is ma. If m does not divide u − 1 for all proper prime power divisors u of b, then cd(Oπ (G)) =
{1,a,b}, where π = π(m).
(3.6) Lemma. Let a, b, andm be pairwise coprime integers greater than 1 such that m does not divide u−1 for
all proper prime power divisors u of b. Suppose that G is a solvable group with cd(G) = {1,m,a,b,ma,mb},
and that K is a normal subgroup of G so that G/K is a Frobenius group with kernel N/K . If |G : N| =ma, then
cd(Oπ (G)) = {1,a,b}, where π = π(m).
Proof. We may assume that N/K is a chief factor of G because if K ⊆ K1 < N , where N/K1 is a chief
factor of G , then G/K1 is still Frobenius group with kernel N/K1, and notation can be changed so
that K = K1.
By Theorem (12.4) of [2], we deduce that N/K is an elementary abelian q-group for some prime
divisor q of b because b ∈ cd(N) and b|G : N| is not a character degree of G . Suppose that R/N is a
normal subgroup of G/N of index m and order a. We know that for all non-trivial divisors u and v
of m and a, respectively, by applying Theorem (12.4) of [2], u, v , and uv are not character degrees
of N . It follows from Corollary (11.29) of [2] that if u is any non-trivial divisor of m and v is any
non-trivial proper divisor of a, then u, v , and uv are not character degrees of R as |R : N| = a and
|G : R| =m. Therefore,
{1,a,b} ⊆ cd(R) ⊆ {1,a,b,bu1,bu2, . . . ,bui},
where u1,u2, . . . ,ui are some divisors of m. If {1,a,b} = cd(R), then we are done since Oπ (G) ⊆ R .
Thus, we assume that cd(R) = {1,a,b,bu1,bu2, . . . ,bui}, where u1,u2, . . . ,ui are some non-trivial
divisors of m, and hence cd(N) = {1,b,bu1,bu2, . . . ,bui} as we said in the previous paragraph. Ob-
serve that (R) has two connected components π(a) and π(b) ∪ π(u1u2 · · ·ui). By using Main
Theorem of [5] and Lemma (3.3), we can consider two possibilities: either R does not satisfy the
hypotheses of Example (2.6) of [5] or R satisﬁes the hypotheses of Example (2.6) of [5].
If R does not satisfy the hypotheses of Example (2.6) of [5], then Lemma (3.3) implies that
cd(Oπ (R)) = {1,a,b}, and hence cd(Oπ (G)) = {1,a,b} as Oπ (G) = Oπ (R).
If R satisﬁes the hypotheses of Example (2.6) of [5], then Lemma (3.6) of [5] implies that (R)
has two connected components π(|R : E|) and π(|E : F |)∪{t}, where t is some prime such that R has
a normal Sylow t-subgroup T , F = T × Z is the Fitting subgroup of R for some central subgroup Z
of R , and E/F is the Fitting subgroup of R/F . Also, by applying Lemma (3.6) of [5], R/T ′ satisﬁes the
hypotheses of Example (3.4) of [5], and so it follows from Lemma (3.4) of [5] that F/T ′ = E ′/T ′×Y /T ′ ,
and E/Y is a Frobenius group with kernel F/Y , where Y /T ′ = Z(R/T ′). Also, we know that |R : E| = a,
|E : F | = b, and a is a prime number by using Lemma (3.4). This implies that u1,u2, . . . ,ui are t-
powers as a, b, and m are pairwise coprime integers.
On the other hand, we have that R/K is a Frobenius group with complement of order a and
elementary abelian q-group kernel N/K . Since F K/K is a normal nilpotent subgroup of R/K and
R/K is a Frobenius group with kernel N/K , we obtain that F ⊆ N . We know that |R : E| = |R : N| = a
is a prime number, and so E = N . Since N/K is a chief factor of G , we deduce that KY is either K
or N . Recall that N/Y is a Frobenius group with kernel F/Y whose index is b, and so cd(N/Y ) = {1,b}.
Hence, if KY = N , then N/Y is isomorphic to K/K ∩ Y , and so cd(K/K ∩ Y ) = {1,b}. We conclude
that b ∈ cd(K ). Since cd(R/K ) = {1,a}, it follows from Gallagher’s theorem (Corollary (6.17) of [2])
that ab ∈ cd(R) which is a contradiction.
Thus, we conclude that KY = K , and so Y ⊆ K . Since N/K is abelian, it follows that N ′ ⊆ K . But
we know that F/T ′ = N ′/T ′ × Y /T ′ as N = E . This forces that F ⊆ K . If F = K , then |N : K | is a proper
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that ma = |G : N| divides |N : K | − 1, and so m divides |N : K | − 1. This contradicts the hypothesis
because we know that |N : K | is a proper prime power divisor of b.
We conclude that F = K . We know that N/Y is a Frobenius group with kernel F/Y . On the other
hand, G/F is a Frobenius group with kernel N/F , and so G/N is cyclic of order am. We may apply
Lemma (1.10) of [8] to see that cd(G/Y ) ∪ {abm} = {1,am} ∪ {ib | i divides am}. This contradicts the
fact that ab /∈ cd(G). 
Next, we show that cd(Op(G)) = {1,n,m} when f = p. In fact, we prove that if a group G
has a normal subgroup K such that cd(G/K ) = {1, p}, where p is a prime number, and cd(G) =
{1, p,n,m, pn, pm}, where m and n are coprime integers greater than 1 such that the pairs (p,m)
and (p,n) are strongly coprime pairs, then cd(Op(G)) = {1,n,m}.
(3.7) Theorem. Let m and n be coprime integers greater than 1 and let p be a prime such that the pairs (p,m)
and (p,n) are strongly coprime pairs. Suppose that G is a solvable group with cd(G) = {1, p,n,m, pn, pm}. If
K is a normal subgroup of G so that cd(G/K ) = {1, p}, then cd(Op(G)) = {1,n,m}.
Proof. Let M be a subgroup of G containing K maximal with respect to normality in G and G/M not
abelian. Since cd(G/M) ⊆ cd(G/K ), we have cd(G/M) = cd(G/K ) = {1, p}. From Chapter (12) of [2],
we know that G/M is either a p-group or G/M is a Frobenius group. Suppose ﬁrst that G/M is a p-
group. Then Op(G) ⊆ M , and n,m ∈ cd(M) (this is Lemma (3.1)). Consider character degrees a ∈ cd(M)
and b ∈ cdM(G|a). We use Corollary (11.29) of [2] to show that b/a divides |G : M| and is thus a
power of p. If b > a, then p divides b and b ∈ {p, pn, pm}. It follows that a ∈ {1,n,m}. If b = a, then
by Lemma (3.1) pa ∈ cd(G). Again, we obtain pa ∈ {p, pn, pm}, and we deduce that a ∈ {1,n,m}. We
conclude that cd(M) = {1,n,m}, and since |M : Op(G)| is a power of p, we have proved the result in
this case.
We now assume that G/M is a Frobenius group with kernel N/M . By Chapter (12) of [2], we know
that p = |G : N| and that N/M is an elementary abelian s-group for some prime s = p. Observe that n
and m both lie in cd(N) (again this is Lemma (3.1)) and that Op(G) ⊆ N . Consider a character degree
a ∈ cd(N). By Theorem (12.4) of [2], we know that either pa ∈ cd(G) or s divides a. When pa ∈ cd(G),
then pa ∈ {p, pn, pm} and a ∈ {1,n,m}. If s /∈ π(nm), then s divides no character degree of G , and
hence it divides no character degree of N . Therefore, we determine that cd(N) = {1,n,m} to prove
the result.
Hence, we may assume that s ∈ π(nm). Since cd(G) is symmetric in m and n, we assume that
s ∈ π(m), and so s /∈ π(n) as (m,n) = 1. Consider character degrees a ∈ cd(N) and b ∈ cdN (G|a) so
that s divides a. It follows that s divides b, and b ∈ {m, pm}. Hence, we see that a is either m or pm,
and we have shown that {1,n,m} ⊆ cd(N) ⊆ {1,n, pm,m}. If cd(N) = {1,n,m}, we are done. Therefore,
we assume that cd(N) = {1,n, pm,m}. Then by using Lemma (3.5), we get the result. 
4. Proofs of Theorems A and B
In this section, we ﬁrst present the proof of Theorem A.
Proof of Theorem A. In view of Corollary (2.4), it suﬃces to show that
cd
(
Op(G)
) = {1,n,m}.
Let K be maximal in G so that K is normal in G and G/K is not abelian. By Chapter (12) of [2], we
know that cd(G/K ) = {1, f } for some integer f ∈ cd(G). If f = p, then we are done by Theorem (3.7).
If f ∈ {pm, pn}, then by Lemma (12.3) of [2], we know that G/K is a Frobenius group, and we are
done by Lemma (3.6). The remaining possibility is that f ∈ {n,m}. Since cd(G) is symmetric in m
and n, without loss of generality, we assume that f = n.
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n is q-power, and so (m, |G : K |) = 1. It would follow that m ∈ cd(K ) by Corollary (11.29) of [2], and
hence we would conclude that mn ∈ cd(G) by Gallagher’s theorem (Corollary (6.17) of [2]), which is
a contradiction.
Hence, G/K is a Frobenius group with kernel N/K , where |G : N| = f = n. By Theorem (12.4)
of [2], we know that N/K is an r-group for some prime divisor r of m. Suppose that π = π(m)
is the set of all prime divisors of m. Take H = Op(G) and M = Oπ (N). Then M ⊆ K as N/K is an
r-group for some prime divisor r of m. Since G/H is a p-group, it follows from Corollary (11.29)
of [2] that {1,n,m} ⊆ cd(H) ⊆ {1, p,n,m, pn, pm}. If p /∈ cd(H), then the restriction of a character of
degree p of G to H is a sum of linear characters of H . This implies that p ∈ cd(G/H ′). On the other
hand, by applying Itô’s theorem, we know that every degree in cd(G/H ′) must divide |G : H| as H/H ′
is a normal abelian subgroup of G/H ′ . We deduce that cd(G/H ′) = {1, p}. Let J/H ′ be maximal in
G/H ′ so that J/H ′ is normal in G/H ′ and G/ J is not abelian. By Chapter (12) of [2], we know that
cd(G/ J ) = {1, p}, and so we are done by Theorem (3.7).
Thus, we assume that p ∈ cd(H) and we prove that this is impossible. Since (|G : H|, |G : K |) = 1,
this implies that G = HK and G/K isomorphic to H/H ∩ K , and so H/H ∩ K is Frobenius group with
kernel (H ∩ N)/(H ∩ K ). Take U = H ∩ N and V = H ∩ K . Since H/V is a Frobenius group with kernel
U/V , which is an elementary abelian r-group for some prime divisor r of m, and |H : U | = n, by
Theorem (12.4) of [2], we conclude that h, ph /∈ cd(U ) for all non-trivial divisors h of n. Therefore,
cd(U ) consists of 1, p,m, and maybe pm depending on whether pm ∈ cd(H) or pm /∈ cd(H).
Recall that π = π(m) is the set of all prime divisors of m. Let W = Oπ (U ). It follows from Corol-
lary (11.29) of [2] that all character degrees of W are in the form pi v , where i = 0 or 1 and v can
be any divisor of m, as U/W is a π -group and {1, p,m} ⊆ cd(U ) ⊆ {1, p,m, pm}. Let T be maximal
in W so that T is normal in W and W /T is non-abelian. By Chapter (12) of [2], we know that
cd(W /T ) = {1, g} for some integer g ∈ cd(W ) and either W /T is a t-group for some prime t or W /T
is a Frobenius group with abelian complement of order g . If g = v or pw , where v and w are some
divisors of m, then, in both cases, we will have a proper subgroup of W with π -index and normal
in U , which is a contradiction because W = Oπ (U ). We conclude that g = p, and either W /T is a
p-group or W /T is a Frobenius group with abelian complement of order p. By Lemma (12.3) of [2],
in both cases, we obtain that Op(W ) < W . Hence, we choose D normal in H so that W /D is a chief
factor for H and W /D is a p-group. Since W /D is normal abelian subgroup of U/D whose index is
a π -number, by Itô’s theorem, we determine that cd(U/D) ⊆ {1,m}. We have two possibilities: either
U/D is not nilpotent or U/D is nilpotent.
First, assume that U/D is not nilpotent, and so cd(U/D) = {1,m}. It follows that cd(H/D) =
{1,n,m} and H/D has Fitting height 3. Suppose F/D and E/F are the Fitting subgroups of H/D
and H/F , respectively. Since W /D is normal and abelian subgroup of H/D , we deduce that W ⊆ F .
Also, U F/F is a normal nilpotent subgroup of G/F as it is isomorphic to a factor group of F/D .
Hence, U F ⊆ E since E/F is the Fitting subgroup of G/F . We obtain that U ⊆ E . Since |H : U | = n
and |H : E| ∈ cd(H) by Lemma (4.1)(a) of [4], this implies that U = E , and hence U/F is the Fitting
subgroup of H/F whose index is n. Also, by Lemma (4.1)(a) of [4], we know that U/F has order m,
U/Z is a Frobenius group with kernel F/Z , where Z/D = Z(H/D), and F/Z is an elementary abelian
s-group of order san , where s is a prime that does not divide m and a is some integer.
We claim that cd(F ) = {1, p}. Since U/Z is a Frobenius group with kernel F/Z , Theorem (12.4)
of [2] implies that u /∈ cd(F ) for all divisors u of m, and so all character degrees of F are 1, p, and
perhaps pu, where u is some divisor of m as |U : F | =m. If s = p, then again, by using Theorem (12.4)
of [2], we have that pu /∈ cd(F ) for all divisors u of m. Thus, we have cd(F ) = {1, p} in this case as
claimed. We assume that s = p. If pu ∈ cd(F ) for some divisor u of m, then since |U : F |pu /∈ cd(F ),
by Theorem (12.4) of [2], we conclude that |F/Z | = pan divides p2u2. Hence, a = 1 and n = 2. Also,
by Lemma (4.1)(a) of [4], we know that p+1 divides m. Since n = 2, the prime p is odd, and so p+1
is even. It follows that m is even, but this is a contradiction because m and n are coprime.
Therefore, we must have cd(F ) = {1, p}. As F/W is a π -group, we deduce that cd(W ) = {1, p}, and
hence {1,n,m} ⊆ cd(H/W ′). On the other hand, W /W ′ is a normal abelian subgroup of H/W ′ whose
index is divisible by only primes in π(n) ∪ π(m). It follows from Itô’s theorem that cd(H/W ′) =
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p ∈ cd(H). As H = Op(G), this implies that Op(H) < H is a contradiction.
Now, assume that U/D is nilpotent. Take R/D to be the normal Hall π -subgroup of U/D . It fol-
lows that |H/R| = pln, where l is some integer, and so U/R is the normal abelian Sylow p-subgroup
of H/R . By Itô’s theorem, cd(H/R) ⊆ {1,n}, and so H/R is either abelian or H/R has a factor group
which is a Frobenius group with kernel of index n and p-power order. If H/R is abelian, then
Op(H) < H , which is a contradiction as H = Op(G). Thus, H/R has a factor group which is Frobe-
nius group with kernel of index n and p-power order. By using Theorem (12.4) of [2], we deduce that
nm ∈ cd(H), which is contradiction. 
Now, we are ready to prove Theorem B.
Proof of Theorem B. Let K be maximal in G with respect to the properties that K is normal in G and
G/K is not abelian. There is an integer f > 1 so that cd(G/K ) = {1, f } (see Chapter (12) of [2]). From
Lemma (12.3) of [2], we know that G/K is either a t-group for some prime t or G/K is a Frobenius
group. Suppose that G/K is a t-group for some prime t . It follows that f is a power of t and a
character degree of G . This implies that f ∈ {p,q,n,m} and t ∈ {p,q, r, s} for some prime divisors r
of n and s of m. If f is p or q, then pq is a degree of G , and if f is n or m, then nm is a degree by
Lemma (3.1). In all cases, this is a contradiction, so G/K cannot be a t-group for some prime t .
Thus, G/K must be a Frobenius group with elementary abelian t-group kernel L/K for some
prime t and cyclic complement (see Lemma (12.3)(b) of [2]). We also utilize that result to see that
|G : L| = f . Suppose ﬁrst that f ∈ {pn, pm,qn,qm}. By symmetry, we assume that f = pn. Then we
may apply Lemma (3.2) to see that t = q and t divides m, which is a contradiction as (q,m) = 1.
Therefore, we are left with f ∈ {p,q,n,m}. So, since cd(G) is symmetric in p and q and cd(G) is
symmetric in n and m, we have two cases to consider. The case where f = p and the case where
f = n.
Case 1: f = p. In light of Lemma (3.1), we obtain {1,q,n,m,qn,qm} ⊆ cd(L). Using Lemma (3.2),
we see that L/K is a q-group. Suppose that we have degrees a ∈ cd(L) and b ∈ cdL(G|a). Then by
Theorem (12.4) of [2], either pa ∈ cd(G) or q divides a. If pa ∈ cd(G), it follows that pa ∈ {p, pn, pm},
and hence a ∈ {1,n,m}. If q divides a, then q divides b so that b ∈ {q,qn,qm}. It follows that a ∈
{q,qn,qm} because by Corollary (11.29) of [2] we know that b/a divides p = |G : L|. This implies
that cd(L) = {1,q,n,m,qn,qm}. Because of Lemma (3.1), we determine that {1,n,m} ⊆ cd(K ). Given
characters θ ∈ Irr(K ) with θ(1) ∈ {q,qn,qm} and χ ∈ Irr(G|θ), then since χ(1)/θ(1) divides |G : K | =
pqu by Corollary (11.29) of [2], where u is some positive integer, we must have that χK = θ . By
Gallagher’s theorem (Corollary (6.17) of [2]), pχ(1) ∈ cd(G), which is a contradiction. Therefore, we
conclude that cd(K ) = {1,n,m}. Let M = O{p,q}(G) so that M ⊆ K and cd(M) = {1,n,m}. We obtain
the result by applying Theorem (2.2). Notice that Theorem A implies that the Fitting height of L is
at most 3 as cd(L) = {1,q,n,m,qn,qm}, and hence the Fitting height of G is at most 4 since G/L is
cyclic.
Case 2: f = n. In light of Lemma (3.1), we obtain {1, p,q,m, pm,qm} ⊆ cd(L). Using Lemma (3.2),
we see that L/K is a t′-group, where t′ is some prime divisor of m. Suppose that we have degrees
a′ ∈ cd(L) and b′ ∈ cdL(G|a′). Then by Theorem (12.4) of [2], either na′ ∈ cd(G) or t′ divides a′ . If
na′ ∈ cd(G), it follows that na′ ∈ {n, pn,qn}, and hence a′ ∈ {1, p,q}. If t′ divides a′ , then t′ divides b′
so that b′ ∈ {m, pm,qm}. It follows that a′ ∈ {m, pm,qm} because by Corollary (11.29) of [2] we know
that b′/a′ divides n = |G : L|. This implies that cd(L) = {1, p,q,m, pm,qm}.
If cd(Oπ∪σ (G)) = {1, p,q}, where π and σ are the sets of all prime divisors of m and n, respec-
tively, then we apply Theorem (2.2). Since p and q are primes, the conclusion (2) of Theorem (2.2)
does not occur. We conclude that the conclusion (1) of it does occur, and so that G = A × B , where
cd(A) = {1, p,q} and cd(B) = {1,m,n}. Hence, to get the conclusion (1) of Theorem B, it suﬃces to
prove cd(Oπ∪σ (G)) = {1, p,q}.
Let R be maximal in L with respect to the properties that R is normal in L and L/R is not abelian.
There is an integer g > 1 so that cd(L/R) = {1, g} (see Chapter (12) of [2]). From Lemma (12.3)
of [2], we know that L/R is either an s′-group for some prime s′ or L/R is a Frobenius group. Since
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we can consider the following subcases:
Subcase 1: g =m and L/R is a Frobenius group with kernel U/R which is an elementary abelian
l-group for some prime l that does not divide m. If neither l = p nor l = q, then by using Theo-
rem (12.4) of [2], we deduce that cd(U ) = {1, p,q}. Since |G : U | = |G : L||L : U | = nm, we have that
Oπ∪σ (G) ⊆ U , and so cd(Oπ∪σ (G)) = {1, p,q} by applying Lemma (3.1).
By symmetry, we may assume that l = p, hence l = q. Theorem (12.4) of [2] and Lemma (3.1) imply
that cd(U ) consists of 1, p, q, and probably pd, where d can be any divisor of m. By Lemma (3.5), we
obtain cd(Oπ (L)) = {1, p,q}, and so cd(Oπ∪σ (G)) = {1, p,q} as Oπ∪σ (G) ⊆ Oπ (L).
Subcase 2: g =mp and so L/R must be a Frobenius group with kernel V /R , which is an elemen-
tary abelian q-group, by Theorem (12.4) of [2]. It follows from Lemma (3.6) that cd(Oπ (L)) = {1, p,q},
and so cd(Oπ∪σ (G)) = {1, p,q}.
Subcase 3: g =m and L/R is a t′′-group for some prime t′′ . Since L/R is a t′′-group whose char-
acter degree set is {1,m}, hence m = (t′′)i for some positive integer i. Recall that L/K is a t-group,
where t is a prime divisor of m. This implies that t′′ = t . Let N = Ot(L). It follows that N ⊆ R , and so
L/N is a non-abelian t-group as cd(L/R) = {1,m}. By applying Corollary (11.29) of [2], it is easy to
see that
{1, p,q} ⊆ cd(N) ⊆ {1, p,q} ∪ {u1,u2p,u3q | u1,u2,u3 ∈ Ω},
where Ω is the set of all divisors of m.
Let T be maximal in N with respect to the properties that T is normal in N and N/T is not
abelian. There is an integer g′ > 1 so that cd(N/T ) = {1, g′} and we know that N/T is either an s′′-
group for some prime s′′ or N/T is a Frobenius group. Since N = Ot(L), we obtain that N has not a
quotient group with t-power order. Observe that pq /∈ cd(L) and cd(L) is symmetric in p and q. We
deduce that we can assume that N/T is a Frobenius group with kernel J/T whose index is p and
order is q j for some positive integer j. Recall that Ω is the set of all divisors of m. By Theorem (12.4)
and Corollary (11.29) of [2], we conclude that
{1,q} ⊆ cd( J ) ⊆ {1,q} ∪ {v, v ′q ∣∣ v, v ′ ∈ Ω}.
Let W = Op(N), so W ⊆ J . Hence, {1,q} ⊆ cd(W ) ⊆ {1,q} ∪ {w,w ′q | w,w ′ ∈ Ω}. In particular, p /∈
cd(W ). Notice that since L is a normal subgroup of G , we have that N is a normal subgroup of G ,
and thus, W is a normal subgroup of G .
If N/W is not abelian, then cd(N/W ) = {1, p}, and so by Lemma (3.1), we conclude that pq ∈
cd(N) as |N : W | and q ∈ cd(N) are coprime. This is a contradiction. It follows that N/W is abelian.
Recall that G/K is a Frobenius group with kernel L/K , which is a t-group, and so N ⊆ K . Since
cd(G/K ) = {1,n} and cd(L/N) = {1,m}, we obtain that m,n ∈ cd(G/W ). Itô’s theorem implies that
cd(G/W ) = {1,n,m} as N/W is a normal abelian subgroup of G/W . Let F/W be the Fitting subgroup
of G/W . We have two possibilities: either G/W has Fitting height 2 or 3.
First, suppose that G/W has Fitting height 2. Observe that W ⊆ F ∩ K , so F/F ∩ K is a quotient
group of F/W . This implies that F K/K is nilpotent. But we know that the Fitting subgroup of G/K
is L/K as G/K is a Frobenius group with kernel L/K . We deduce that F ⊆ L, and hence |G : L| =
n divides |G : F |. But by Lemma (4.1)(b) of [4], we know that |G : F | ∈ cd(G/W ) = {1,m,n}. Since
(m,n) = 1, it follows that |G : F | = n, and so F = L. By Lemma (4.1)(b) of [4], we have that L/W =
Y /W × N/W , where Y /W is a Sylow t-subgroup of G/W , and so N/W is a central subgroup of
G/W by applying Lemma (4.1)(b) of [4]. Observe that N/W ∈ Sylp(G/W ), hence G/W has a normal
p-complement R/W since N/W is a central subgroup of G/W . It follows that R is a normal subgroup
of G whose index is p-power as G/R is isomorphic to N/W .
If p /∈ cd(R), then p ∈ cd(G/R ′). As R/R ′ is normal abelian subgroup of G/R ′ whose index is p-
power, Itô’s theorem implies that cd(G/R ′) = {1, p}. Suppose X/R ′ is maximal in G/R ′ with respect to
the properties that X/R ′ is normal in G/R ′ and G/X is not abelian. Then cd(G/X) = {1, p}, and so we
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that W is a normal subgroup of R whose index is a p′-number. We deduce from Corollary (11.29)
of [2] that p ∈ cd(W ), which is a contradiction as we know p /∈ cd(W ).
Therefore, we can assume that G/W has Fitting height 3. Let E/F be the Fitting subgroup of G/F .
By Lemma (4.1)(a) of [4], we have F/W = S/W × Z/W , where S/W is a chief factor of G and Z/W
is the central subgroup of G/W . Also, by the same lemma, E/F is cyclic and E/Z is a Frobenius group
with kernel F/Z . We claim that all Sylow subgroups of E/W are abelian. To see this, let y be a prime
divisor of |E/W |. If y does not divide |E : F |, then a Sylow y-subgroup of E/W is contained in F/W ,
and so is abelian. If y does divide |E : F |, then the intersection of a Sylow y-subgroup of E/W with
F/W is contained in Z/W because y does not divide F/Z . This implies that a Sylow y-subgroup
of E/W is cyclic-by-central which implies it is abelian. Observe that LF/F is a normal nilpotent
subgroup of G/F . It follows that L ⊆ E as E/F is the Fitting subgroup of G/F . We conclude that all
Sylow subgroups of L/W are abelian. But we know that a Sylow t-subgroup of L/W is isomorphic to
L/N , which is non-abelian. This is a contradiction, and hence we are done in this subcase.
Subcase 4: g = p. Since pq /∈ cd(L), L/R cannot be a p-group. Hence, L/R is a Frobenius group
with kernel Q /R , which is an elementary abelian q-group by using Theorem (12.4) of [2]. Suppose
that P = O{p,q}(L), and so P ⊆ R . Since L/P is not abelian, we have that G/P is not abelian whose
order is divisible by only primes in π(n) ∪ {p,q}. Let D/P be maximal in G/P with respect to the
properties that D/P is normal in G/P and G/D is not abelian. There is an integer d′ > 1 so that
cd(G/D) = {1,d′} (see Chapter (12) of [2]). From Lemma (12.3) of [2], we know that G/D is either
an r′-group for some prime r′ or G/D is a Frobenius group. As we proved at the start of the proof
of Theorem B, G/D cannot be an h-group for any prime h. Thus, G/D is a Frobenius group with
kernel C/D , which is an elementary abelian l′-group for some prime l′ . If |G : C | = n, then C/D
is an elementary abelian p-group or q-group since the order of G/D is divisible by only primes in
π(n)∪{p,q}. Theorem (12.4) of [2] implies that nm ∈ cd(G), which is a contradiction. Thus, |G : C | = p
or q, and so we can get the desired result by Case (1) above. 
5. Examples
In the following example, we show that Case (2) of Theorem A does occur. In fact, we present an
example of a solvable group G such that cd(G) = {1,3,2,25,6,75}, and G is not a direct product.
(5.1) Example. Let L be an extra-special group of order 53 of exponent 5, and let E1 and E2 be copies
of L. Then the central direct product of E1 and E2 is E , which is an extra-special 5-group of order 55.
Take σ ∈ Aut(E1), α ∈ Aut(E2) such that [σ , Z(E1)] = [α, Z(E2)] = 1 and o(σ ) = 2 and o(α) = 3. Let
A be an elementary abelian group of order 52. Since A has an automorphism of order 3, we can con-
sider σ as an automorphism of A of order 2 that acts trivially on A and α as an automorphism of A
of order 3. Let G = 〈(σ ,α)〉 (E × A). Then G is not a direct product and cd(G) = {1,3,2,25,6,75}.
Proof. First, suppose that G = U × V and we prove that U or V is trivial. Since a Sylow 3-subgroup
of G has order 3 and U and V are normal subgroups of G , we may assume that U contains all
Sylow 3-subgroups of G . In particular, U contains α. Now K = E × A is a normal Sylow 5-subgroup
of G . Notice that E2/E ′ = [E,α]E ′/E ′ , and so E2 = [E,α]E ′ = [E,α]Φ(E2) = [E,α] and we know that
[A,α] = A. It follows that [K ,α] = E2 × A. Since α centralizes V , we have that [G,α] = [UV ,α] =
[U ,α] ⊆ U . Hence, E2A ⊆ U . In particular, Z(E) ⊆ U , and so Z(K ) ⊆ U . This implies that Z(K )∩ V = 1.
Since K ∩ V is a normal subgroup of the 5-group K , this implies that K ∩ V = 1. But K is the normal
Sylow 5-subgroup of G , so 5 does not divide |V |. This implies that U must contain K . Since σ does
not centralize K , we cannot have σ ∈ V . Since one of U or V must contain all the Sylow 2-subgroups
of G , this forces that σ ∈ U . Observe that G is generated by K , α, and σ , so we conclude that G = U .
Now, we show cd(G) = {1,3,2,25,6,75}. Take S = 〈E1/E ′, σ 〉 and T = 〈(E2/E ′) × A,α〉. Notice
that (E2/E ′) × A is elementary abelian of order 54, 〈α〉 has order 3, and T is the semi-direct product
of 〈α〉 acting on (E2/E ′) × A. Similarly, E1/E ′ is elementary abelian of order 52, 〈σ 〉 has order 2,
and S is the semi-direct product of 〈σ 〉 acting on E1/E ′ . We know that σ centralizes (E2/E ′) × A
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G/E ′ = S × T , and so cd(G/E ′) = {1,2,3,6}.
Suppose θ ∈ Irr(E) has degree 25. Then, θ extends to θ × 1 on K . Since θ is fully ramiﬁed with
respect E/Z(E), this implies that θ is G-invariant, so θ × 1 is G-invariant. Since (|K |, |G : K |) = 1,
this implies that θ × 1 extends to G , and hence θ extends to G . This yields that 25 ∈ cd(G). Also,
G/E is isomorphic to the semi-direct product of 〈(σ ,α)〉 acting on A, so cd(G/E) = {1,3}. Applying
Gallagher’s theorem, we conclude that cd(G | θ) = {25,75}, and hence, cd(G) is as claimed. 
In the next example, we show that we cannot remove the condition that the pairs (p,m) and
(p,n) are strongly coprime pairs in Theorem A.
(5.2) Example. Let q and r be distinct primes and let p be a prime such that r does not divide pq −1,
q does not divide pr − 1, and pr−1p−1 is not a prime. Suppose that d > 1 is a proper divisor of p
r−1
p−1 and
either rq = 6 or p = 2. Assume that F is the additive group of the ﬁeld of order pqr , and C is the cyclic
subgroup of the multiplicative group of the ﬁeld of order pqr with order d(p
qr−1)
pr−1 . Also, assume that
Λ is the Galois group of the ﬁeld of order pqr . Take G = (F  C)Λ. Then G is not a direct product,
cd(G) = {1, r,q, d(pqr−1)pr−1 , rq, rd(p
qr−1)
pr−1 }, and the pair (r, d(p
qr−1)
pr−1 ) is not a strongly coprime pair.
Proof. First, suppose that G = A× B and we prove that A or B is trivial. Observe that F is the normal
Sylow p-subgroup of G that is also the Fitting subgroup of G , and C is a Hall π -subgroup of G ,
where π = π(|C |) is the set of all prime divisors of |C |. Let l ∈ π be a prime divisor of |C |. Since
|G| = |A||B|, this implies l divides either |A| or |B|. We may assume that l divides |A|, and hence
A ∩ C > 1 because A is normal in G and C is a Hall π -subgroup of G . If p divides |B|, then F ∩ B > 1
as F is the normal Sylow p-subgroup of G , and so A ∩ C centralizes F ∩ B . This is contradiction as C
acts Frobeniusly on F . We deduce that p does not divide |B|, and hence F ⊆ A as A is normal in G
and F is the normal Sylow p-subgroup of G . But since F is the Fitting subgroup of G , it is well known
that CG(F ) ⊆ F . We obtain that
B ⊆ CG(A) ⊆ CG(F ) ⊆ F ⊆ A,
and so B ⊆ A ∩ B = 1.
Now, we show cd(G) = {1, r,q, d(pqr−1)pr−1 , rq, rd(p
qr−1)
pr−1 }. We know that G/F is isomorphic to the
semi-direct product of Λ acting on C . Let T and S be cyclic subgroups of Λ of orders q and r,
respectively. Since (pq − 1, |C |) > 1 and (pr − 1, |C |) > 1, it follows that there are some non-trivial
points x and y in C such that T ⊆ StabΛ(x), T  StabΛ(y), S ⊆ StabΛ(y), and S  StabΛ(x). Also, we
know that there is c ∈ C so that StabΛ(c) = 1. We conclude that cd(G/F ) = {1, r,q, rq}. On the other
hand, we know that there is a non-principal irreducible character λ of F such that Λ ⊆ StabG(λ). Thus,
FΛ ⊆ StabG(λ). Since C acts Frobeniusly on F , we observe that StabG(λ) ∩ C = 1. Since G = (FΛ)C ,
FΛ ⊆ StabG(λ), and StabG(λ) ∩ C = 1, it follows that StabG(λ) = FΛ. Since FΛ/F is cyclic, λ extends
to μ on FΛ. By the Clifford correspondence, this implies that μG ∈ Irr(G), and so |C | ∈ cd(G).
We claim that C acts irreducibly on F . To see this, suppose U is a C-invariant subgroup of F , then
U is a union of C-orbits. This implies that |U | = 1 + a|C | for some integer a as C acts Frobeniusly
on F . Hence, |U | is a p-power with the property that |C | divides |U | − 1. Assume |U | > 1. We know
that (prq − 1)/(pr − 1) divides |C |. Since rq = 6 or p = 2, we know that (prq − 1)/(pr − 1) is divisible
by a Zsigmondy prime s. By the deﬁnition of Zsigmondy primes, pqr is the smallest non-trivial power
of p so that s divides pqr − 1. Since s divides |U | − 1, this implies that |U | = pqr = |F |, and hence F
is irreducible.
Take H = (F  C)  T . Then H is a normal subgroup of G whose index is r and H meets the
hypotheses of Example (2.4) of [5] since H is the semi-direct product of C  T acting on elementary
abelian p-group F , the Fitting subgroup of C  T is C whose index is q, |F | = prq , (q, |C |) = 1, (prq −
1)/(pr − 1) divides |C |, and also C acts irreducibly on F . Therefore, it follows from Lemma (3.4)
of [5] that cd(H) = {1,q, |C |}, and hence cd(G) = {1, r,q, |C |, rq} or cd(G) = {1, r,q, |C |, rq, r|C |} as
|G : H| = r.
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components {r,q} and π(|C |). By using Lemmas (3.1)–(3.6) of [5], we observe that G does not satisfy
the hypotheses of Examples (2.1)–(2.6) of [5]. This forces that cd(G) = {1, r,q, |C |, rq} is not possible.
We conclude that cd(G) = {1, r,q, |C |, rq, r|C |}.
Finally, we show the pair (r, |C |) is not a strongly coprime pair. Recall that S is the subgroup of
order r of Λ. Since S acts non-trivially on C , this implies r divides |Aut(C)|, and so r divides v − 1,
where v is some prime divisor of |C | as C is a cyclic group of order not divisible by r. We conclude
that the pair (r, |C |) is not a strongly coprime pair. 
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